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Radiative corrections to high energy scattering processes were given previously in terms of uni-
versal soft and collinear functions. This paper gives the collinear functions for all standard model
particles, the general form of the soft function, and explicit expressions for the soft functions for
fermion-fermion scattering, longitudinal and transverse gauge boson production, single W/Z pro-
duction, and associated Higgs production. An interesting subtlety in the use of the Goldstone boson
equivalence theorem for longitudinal W+ production is discussed.
I. INTRODUCTION
Hard scattering processes can be described using soft-
collinear effective theory (SCET) [1, 2, 3, 4]. SCET
was extended to broken gauge theories [5, 6, 7, 8] and
used to compute the renormalization group improved
amplitude for standard model scattering processes at
high energy. The effective theory formalism sums the
electroweak Sudakov corrections using renormalization
group evolution in SCET. The strong and electroweak
radiative corrections to hard scattering processes were
formulated in terms of collinear and soft functions in
Ref. [8]. The result gives an efficient way of comput-
ing the effective theory radiative corrections in terms
of a collinear function for each particle, and universal
soft functions. Electroweak radiative corrections also
have been computed previously using fixed-order meth-
ods [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22,
23, 24, 25, 26, 27, 28, 29, 30, 31].
The soft and collinear functions were given in Ref. [8]
for an SU(2) gauge theory. The complete standard model
expressions are more involved because of custodial SU(2)
violation, and because the right- and left-handed quarks
and leptons have different quantum numbers. In this
paper, we give the explicit collinear running and match-
ing functions for each standard model particle, as well
as the soft functions for some important processes such
as fermion-fermion scattering, gauge boson pair produc-
tion, and associated Higgs boson production. We will
use the notations and conventions of Ref. [8], and as-
sume that the reader is familiar with the results presented
there. The split into soft and collinear contributions is
not unique, and we use the definition in Ref. [8]. The
soft functions for QCD corrections have been obtained
previously [32].
A collinear function F (F→P ) gives the amplitude F →
P for the field F to produce a particle P , analogous to the
〈0|φ|p〉 factor in the LSZ reduction formula. Particularly
interesting are the collinear functions for φ → WL and
W → WT , W 3 → γ, B → γ, W 3 → ZT , B → ZT , and
φ→ ZL in the Higgs-gauge sector. In most cases, there is
a unique F , e.g. uL is only produced by the quark doublet
field Q, and so the Q → uL collinear function is also
referred to as the uL collinear function. The subscript
on a fermion field refers to chirality, and on a fermionic
particle, to helicity. Thus the uR → uR collinear function
is the amplitude for a right-handed u field, with projector
(1+ γ5)/2, to produce a right-handed u quark, with spin
parallel to momentum. The difference between helicity
and chirality is orderm/E, and higher order in the SCET
power counting.
We first present plots of the collinear functions in
Sec. II obtained using formulæ given later in Sec. III of
the paper. There is an interesting subtlety in the Gold-
stone boson equivalence theorem for W+L arising from
infrared divergences due to photon exchange, which is
discussed in this section. The general form of the soft
functions, and some standard soft matrices are given in
Sec IV. These are then used to compute the soft functions
for fermion scattering in Sec. V, longitudinal and trans-
verse gauge boson production in Sec. VI, single-W,Z pro-
duction in Sec. VII, and gluon scattering in Sec. VIII.
Appendix A gives the analytic formula for integrating a
SCET anomalous dimension including terms up to the
three-loop cusp.
The EFT computation is given by matching from the
standard model onto SCET at a scale µh, running to µl at
which theW,Z,H, t are integrated out, and then running
using QCD+QED to a factorization scale µf at which
the hadronic scattering cross-sections are computed by
convolution with the parton distribution functions. The
final answer is independent of the choice of µh,l,f , but
in practice has some dependence on these quantities due
to neglected higher order terms. The µh,l dependence
was shown in Ref. [8] to be less than 1% for processes
other than transverse WT production, for which the µh
dependence was almost 10%.
II. PLOTS OF COLLINEAR FUNCTIONS
In this section, we give numerical plots for the collinear
functions for the standard model, and discuss some inter-
esting features of the collinear corrections. The collinear
radiative corrections are process independent, and have
the same value in all scattering processes.
The collinear functions are given by running the
collinear anomalous dimension from µh to µl using the
anomalous dimensions in Sec. III A, matching at µl using
expDC in Sec. III B, and then running from µl to µf us-
2ing the anomalous dimensions in Sec. III C. In equations,
logF (F→P )(n¯ · p, µf , µh) = −
∫ µl
µf
dµ
µ
γP (n¯ · p, µ)
+D
(F→P )
C (n¯ · p, µl)−
∫ µh
µl
dµ
µ
γF (n¯ · p, µ) . (1)
The collinear corrections are functions of n¯ · p = 2E,
where E is the particle energy,1 and depend linearly on
log n¯·p to all orders in perturbation theory [35]. They are
defined after zero-bin subtraction to avoid double count-
ing with the soft contribution [36, 37, 38, 39, 40, 41, 42,
43]. These subtractions are necessary for soft-collinear
factorization [44] to hold.
The collinear functions were used to compute 2 → 2
scattering processes in Ref. [8], where we used µh =
√
s0
for the high-scale matching. In the partonic center-of-
mass frame, all four partons have energy 2E = n¯ · p =√
s0. For this reason, we have used µh = n¯ · p in the
collinear function plots, to reduce the number of variables
by one. The low scales are chosen to be µf = µl = MZ .
There is a tiny dependence on the Higgs mass—the rates
change by less than one part in 104 if mH is varied be-
tween 200 and 500 GeV. In the plots, mH = 200 GeV.
The collinear anomalous dimension can be integrated an-
alytically using the results in Appendix A. If the fac-
torization scale µf is below MZ , there is an additional
contribution to the collinear function from QCD+QED
running from MZ to µf , which is given separately. The
total collinear function is the product of the µh → MZ
and MZ → µf collinear functions.
Fig. 1 shows the collinear functions for quarks. The
collinear functions for the c and s are identical to those
for the u and d, respectively. The t and b quarks have
slightly different collinear functions because of Higgs cor-
rections, and the mass of the t. In a 2 → 2 scattering
process such as uLu¯L → dLd¯L, one has a collinear func-
tion in the amplitude for each external particle, so the
rate depends on the product of the fourth powers of the
uL and dL collinear functions. Thus a 10% correction in
Fig. 1 changes the rate by more than a factor of two. The
difference between the heavy- and light-quark collinear
functions arises from Higgs contributions due to the tR
Yukawa coupling to the quark doublet Q(t), and due to
the switch from SCET to bHQET fields for the t.
Fig. 2 shows the collinear functions for u and d on the
same plot. The left- and right-handed quarks have differ-
ent collinear functions because of the difference in SU(2)
quantum numbers. There is a small difference between
uR, dR due to the different U(1) quantum numbers, which
lead to different U(1) anomalous dimensions. There is an
even smaller difference between uL, dL due to differences
1 The collinear functions depend on the Lorentz frame through the
null-vector n. The n dependence is cancelled by a corresponding
n dependence in the soft functions, by reparametrization invari-
ance [33, 34].
FIG. 1: Plot of the collinear functions against n¯ · p for (a)
lower panel: uL (dotted green), uR (dotted cyan), tL (dashed
red), tR (dashed blue) (b) upper panel: dL (dotted green), dR
(dotted cyan), bL (dashed red), bR (dashed blue).
in the low-scale matching from Z exchange due to the
different Z couplings. Fig. 3 shows the collinear func-
tions for the leptons. The corrections are smaller than
for quarks because there are no QCD corrections.
If the factorization scale is chosen below MZ , there is
additional collinear running from QCD and QED. The
QCD collinear running is the same for all quarks, and
the log of the QED running is proportional to the electric
charge. Fig. 4 show the collinear running below MZ for
µf = 30, 50 GeV for quarks, gluons and electrons. These
multiply the collinear running from µh to MZ .
The collinear functions for massless gauge bosons are
shown in Fig. 5. The corrections to the gluon are due
to QCD, and are large because of the large value of CA.
There are two collinear functions for photon production,
depending on the source of the photon. TheW 3−B and
Z − γ fields are related by
Z = cos θWW
3 − sin θWB ,
A = sin θWW
3 + cos θWB . (2)
3FIG. 2: Plot of the collinear functions against n¯ · p for uL
(dotted green), uR (dotted cyan), dL (dashed red), and dR
(dashed blue).
FIG. 3: Plot of the collinear functions against n¯ · p for νL
(dashed blue), eL (dotted red), and eR (solid red).
At tree-level the W 3 → γ amplitudes is sin θW , and the
B → γ amplitude is cos θW . The photon can be emitted
by what started out as either a W 3 or B field at high
energy, and the radiative corrections shown by the solid
red and dotted red curves in Fig. 5 multiply the tree-
level amplitudes. The correction for W → γ is much
larger because of the SU(2) contribution.
Fig. 6 gives the collinear functions for the massive
gauge bosons and Higgs. The lower panel shows the
collinear functions for the transverse and longitudinalW ,
i.e. for W → WT and φ → WL, since the transverse W
can only come from the W field and the longitudinal W
FIG. 4: Plot of the collinear functions due to running from
MZ to µf against n¯ · p for electrons with µf = 30 GeV (solid
red) and µf = 50 GeV (dashed blue) are shown in the upper
panel. The QCD correction for quarks with µf = 30 GeV
(solid red) and µf = 50 GeV (dashed blue) and gluons with
µf = 30 GeV (dotted green) and µf = 50 GeV (dot-dashed
cyan) are shown in the lower panel.
from the φ field. The radiative corrections are different,
because at high energies, WT is part of the Wµ gauge
field, whereasWL is part of the scalar field φ. The SU(2)
corrections toWµ depend on the adjoint Casimir CA = 2,
whereas the corrections to φ depend on the fundamental
Casimir CF = 3/4. The U(1) corrections also differ. At
high energies, the WL remembers that it originated from
the scalar field via spontaneous symmetry breaking. The
upper panel gives the plots for the neutral boson sector.
The transverse Z can arise from either W 3 or B, as for
the photon, and the two cases are shown in solid and
dotted red. The B → ZT amplitude has smaller correc-
tions (as for B → γ), so at high energies, ZT is produced
mainly via B → ZT , even though at tree-level, it is the
W 3 → Z amplitude which dominates. The φ → ZL and
φ → H amplitudes have similar shapes, since both are
mainly given by the radiative corrections to the scalar
4FIG. 5: Plot of the collinear functions against n¯ ·p for W → γ
(solid red), B → γ (dotted red) and gluons (dashed blue).
FIG. 6: Plot of the collinear functions against n¯·p for (a) lower
panel: WT (solid red), WL (dashed blue) (b) upper panel:
W → ZT (solid red), B → ZT (dotted red), ZL (dashed blue)
and H (short-dash, dark green).
p2m2int
M2
FIG. 7: One loop collinear graph, where the internal and
external particles can have different masses, e.g. mint = mb
and p2 = m2t . The wavy+solid line is the collinear gauge
boson, and the dashed line is a collinear fermion or scalar.
doublet φ. There are two amplitudes for ZT , W → Z
and B → Z, but only one for ZL, φ→ Z.
III. COLLINEAR FUNCTIONS
The formulæ for the collinear functions are given in
this section. They were obtained using the procedure
given in Ref. [8]. The main complication arises from cus-
todial SU(2) symmetry breaking in the standard model.
In loop graphs, one has to distinguish between W and
Z exchange as well as the mt-mb mass difference. The
collinear functions, computed from one-loop graphs such
as Fig. 7 are summarized in Table I. The anomalous
dimension γC gives the running between the high-scale
µh ∼
√
sˆ and the low-scale µl ∼ MZ , and the match-
ing DC gives the collinear matching at the low scale µl.
The γC column can also be used to obtain the anomalous
dimension in SCETγ between µl and the factorization
scale µf . This table is a generalization of Table II of
Ref. [8], which gave the collinear functions in the SU(2)
theory. In the weak interactions, the two members of an
SU(2) doublet can have different masses. As a result, in
computing Fig. 7, the internal and external fermions can
have different masses; e.g. the internal fermion can be a
b-quark, and the external one, a t-quark. This compli-
cation did not arise for the SU(2) theory with massless
fermions considered in Ref. [8]. The collinear functions
in Table I include the possibility of different internal and
external masses. mint is the mass of the internal particle
in the loop, and
√
p2 is the mass of the external particle.
The functions fF,S are given in Appendix B of Ref. [7],
and vanish for massless particles, fF (0, 0) = fS(0, 0) = 0.
The ψ row is for fermions, φ for scalars, B⊥ for an
external transversely polarized gauge boson, H for the
physical Higgs field, and ϕa for the Goldstone bosons,
which are used to compute longitudinally polarized gauge
bosons using the equivalence theorem.
Table I gives the results in a compressed form, from
which the standard model results can be extracted. The
T ·T factor has to be taken apart into individual gauge
boson contributions
α T ·T → αsT ·T+ α2t · t+ α1Y · Y , (3)
5Field γC DC
ψ α
4pi
T ·T [4Lp − 4] + γψ
α
4pi
T ·T
h
2LMLp −
1
2
LM
2
− 2LM −
5pi2
12
+ 2 + fF (p
2/M2,m2int/M
2)
i
+ 1
2
δRψ
φ α
4pi
T ·T [4Lp − 2] + γφ
α
4pi
T ·T
h
2LMLp −
1
2
LM
2
− LM −
5pi2
12
+ 1 + fS(p
2/M2,m2int/M
2)
i
+ 1
2
δRφ
hv
α
4pi
T ·T [4 log(2γ)] + γh
α
4pi
T ·T [2LM log 2γ] +
1
2
δRhv
B⊥
α
4pi
T ·T [4Lp − 2] + γW
α
4pi
T ·T
h
2LMLp −
1
2
LM
2
− LM −
5pi2
12
+ 1 + fS(1, 1)
i
+ 1
2
δRW
H α
4pi
T ·T [4Lp − 2] + γH
α
4pi
T ·T
h
2LMLp −
1
2
LM
2
− LM −
5pi2
12
+ 1 + fS(m
2
h/M
2, 1)
i
+ 1
2
δRH
ϕa α
4pi
T ·T [4Lp − 2] + γϕ
α
4pi
T ·T
h
2LMLp −
1
2
LM
2
− LM −
5pi2
12
+ 1 + 2
3
fS(1, 1) +
1
3
fS(1,m
2
h/M
2)
i
+ 1
2
δRϕ
TABLE I: The collinear anomalous dimension and low-scale matching. LM = log(M
2/µ2), Lp = log(n¯ · p)/µ, and γ = E/m.
The rows are ψ: fermion, φ non-Higgs scalar multiplet, hv HQET field, B⊥: transverse gauge boson, H : Higgs, ϕ
a: Goldstone
bosons (i.e. longitudinal gauge bosons using the equivalence theorem and mutiplying by E). The results are in Rξ=1 gauge.
γW,h,ϕ and RW,h,ϕ are the wavefunction contributions. p
2 is m2 for the external particle, and mint is the mass of the internal
particle.
summing over the SU(3), SU(2) and U(1) contribu-
tions, where T are the QCD generators, and t are the
SU(2) generators. This form is convenient for comput-
ing the collinear anomalous dimension γC , which is mass-
independent. The electroweak couplings constants are
α2 = αem/ sin
2 θW and α1 = αem/ cos
2 θW .
The low-scale collinear matching DC depends on the
gauge boson masses, so the SU(2)×U(1) part has to be
rewritten in terms of the W , Z and γ contributions,
α2t · t+ α1Y · Y → 1
2
αW (t+t− + t−t+)
+αZtZ · tZ + αemQ ·Q (4)
where αW = α2 and αZ = αem/(sin
2 θW cos
2 θW ) and tZ
is the Z-charge, tZ = t3 − sin2 θWQ. A useful identity
for the W contribution is
1
2
(t+t− + t−t+) = t · t− t3 · t3 . (5)
The matching DC depends on the gauge boson and
fermion masses. The value of DC is given using Table I
and Eqs. (3,4) and using M →MW in the W terms and
M →MZ in the Z terms. The photon and gluon do not
contribute to DC , since they are not integrated out at
the low-scale µl ∼ MZ , and are dropped. Furthermore,
in fF and hF , the internal fermion mass is equal to the
external fermion mass for the Z term, but is different
for the W term. For example, for an external t quark,
p→ mt, mint → mt for the t2Z term and p→ mt, mint →
mb for the t+t− and t−t+ terms. Explicit formulæ for
the standard model particles are given below using this
procedure.
The wavefunction factors δRϕ,H,W can be found in
Ref. [45, 46, 47, 48]. They are defined as the residue
of the two-point Green’s function at the pole,
G ∼ R
p2 −M2 + finite , (6)
with R = 1+δR. R is obtained using the two-point func-
tion renormalized in the MS scheme, and is finite. We
use the convention of Ref. [45] and denote the finite wave-
function correction by R, and reserve Z for the infinite
renormalization counterterms. There is one important
point to remember — the wavefunction graphs have to
be computed as an EFT matching condition. This means
that the graphs are computed using dimensional regular-
ization to regulate the infrared divergences, setting all
low energy scales such as mb to zero, and retaining only
the finite part.2 R can be obtained from the expressions
in terms of Passarino-Veltman functions using
A0(m
2) = −m2
(
1
ǫUV
+ 1− ln m
2
µ2
)
, (7)
and
B0(p
2,m1,m2)
= Γ(ǫ)eǫγµ2ǫ
∫ 1
0
dx
[
m21x+m
2
2(1− x) + p2x(1 − x)
]−ǫ
,
B′0(−M2,m1,m2) =
∂B0(p
2,m1,m2)
∂p2
∣∣∣∣
p2=−M2
(8)
where we follow the conventions of Ref. [46]. In particu-
lar, the infrared divergent functions needed are
B0(0, 0, 0) =
1
ǫUV
− 1
ǫIR
(9)
and
B′0(−M2, 0,M) =
1
M2
[
1
2ǫIR
+ 1− 1
2
log
M2
µ2
]
,
(10)
2 See, for example, Refs. [35, 49, 50] for a more extensive discus-
sion and explicit examples. In Eqs. (7-10), the subscripts UV
and IR indicate whether the divergence is ultraviolet or infrared.
The integrals are done in 4− 2ǫ dimensions, so ǫUV = ǫIR = ǫ.
6which are replaced by 0 and (1 − 1/2 logM2/µ2)/M2,
respectively, in R.
In Refs. [6, 7], the radiative corrections for massive
particles were computed. In the region below the par-
ticle mass, the particle can be treated as a bHQET
field [51, 52]. The anomalous dimension and low-scale
matching for bHQET fields is given in the row hv. For
massive particles, the collinear anomalous dimension in-
volves log 2γ, where γ = E/m is the boost factor, rather
than log(n¯ · p)/µ = log(2E)/µ. The bHQET formula is
needed for top-quark pair production, and for W and Z
production.
In addition to gauge boson exchange, there are radia-
tive corrections due to scalar exchange graphs. In the
standard model, these arise from Higgs exchange. As
shown in Refs. [6, 7], scalar exchange vertex graphs are
1/Q2 suppressed, and only the wavefunction graphs are
leading order in the SCET power counting. Thus we can
include Higgs corrections in the effective theory through
their contribution to R.
The anomalous dimension between µh and µl is in-
dependent of the low-energy scales, including the elec-
troweak symmetry breaking scale, and so can be com-
puted in the unbroken gauge theory. The collinear func-
tions depend on n¯ · p = 2E, where E is the energy of
the particle. The n¯ dependence, or Lorentz frame depen-
dence, is cancelled by a corresponding frame dependence
in the soft functions.
The left-handed quark doublets will be denoted by
Q
(i)
L , where i = u, c, t is a flavor index, the right-handed
charge 2/3 quarks by U
(i)
R or uR, cR, tR, the right-handed
charge −1/3 quarks by D(i)R , or dR, sR, bR, the left-
handed lepton doublets by L
(i)
L , i = e, µ, τ , and the right-
handed lepton singlets by E
(i)
R or eR, µR, τR. Written in
terms of SU(2) components, Q(i) is
Q(i) =
[
U
(i)
L
D
′(i)
L
]
=
[
U
(i)
L
VijD
(j)
L
]
, (11)
where the primed down-type quarks are weak eigenstate
fields, and the unprimed fields are mass eigenstates. All
the lepton and down-type quark masses can be neglected
in our calculation, so we can work in the weak eigen-
state basis, the CKM matrix V does not enter the SCET
computation, and generation number is conserved. Once
the radiative corrections have been computed, one can
make the replacement D
′(i)
L → VijD(j)L to compute the
amplitudes in terms of mass-eigenstate fields.
A. Running from µh to µl ∼MZ
The collinear anomalous dimensions for the running
from µh ∼ Q to µl ∼ MZ are listed below. The gauge
coupling constants are the MS values in the theory with
six dynamical quark flavors, and yt =
√
2mt/v is the t-
quark Yukawa coupling. The top quark multiplets have
different collinear running than the other quarks because
of the large Yukawa coupling yt.
Q
(u,c)
L :
1
4π
(
4
3
αs +
3
4
α2 +
1
36
α1
)(
4 log
n¯ · p
µ
− 3
)
(12)
Q
(t)
L :
1
4π
(
4
3
αs +
3
4
α2 +
1
36
α1
)(
4 log
n¯ · p
µ
− 3
)
+
1
2
y2t
16π2
(13)
uR, cR:
1
4π
(
4
3
αs +
4
9
α1
)(
4 log
n¯ · p
µ
− 3
)
(14)
tR:
1
4π
(
4
3
αs +
4
9
α1
)(
4 log
n¯ · p
µ
− 3
)
+
y2t
16π2
(15)
dR, sR, bR:
1
4π
(
4
3
αs +
1
9
α1
)(
4 log
n¯ · p
µ
− 3
)
(16)
L
(e)
L , L
(µ)
L , L
(τ)
L :
1
4π
(
3
4
α2 +
1
4
α1
)(
4 log
n¯ · p
µ
− 3
)
(17)
eR, µR, τR:
α1
4π
(
4 log
n¯ · p
µ
− 3
)
(18)
The gauge field anomalous dimension at one-loop in
Rξ=1 gauge is
γ = 2CA − b0 , (19)
where b0 is the coefficient of the first term in the β-
function,
µ
dg
dµ
= −b0 g
3
16π2
+ . . . (20)
so that the collinear factor γC for transverse gauge bosons
is
α
4π
(4CALp − b0) . (21)
It is more convenient to write the anomalous dimensions
for W3 and B instead of Z and γ, to avoid off-diagonal
mixing terms in the renormalization group evolution due
to the running of sin2 θW .
g (transverse gluons):
αs
4π
(
12 log
n¯ · p
µ
− 7
)
(22)
7FIG. 8: Collinear matching graphs for [W †ψ]. The ⊗ is the
[W †ψ] operator, the solid line is ψ and the double line is W †.
WT (transverse W
1,2,3):
α2
4π
(
8 log
n¯ · p
µ
− 19
6
)
(23)
BT (transverse B):
α1
4π
(
41
6
)
. (24)
The scalar anomalous dimension for the unphysical
Goldstone bosons, needed for longitudinal gauge boson
production using the equivalence theorem, and for Higgs
production is
ϕ,H :
1
4π
(
3
4
α2 +
1
4
α1
)(
4 log
n¯ · p
µ
− 4
)
+ 3
y2t
16π2
. (25)
The yt term in the φ anomalous dimension affects the
rates for H , WL and ZL production at the few percent
level.
B. Matching at µl ∼MZ
The matching corrections at µl ∼MZ have to be com-
puted in the broken electroweak theory, using Table I,
Eq. (4) and the discussion following it. The match-
ing can be computed for each particle, and is shown
schematically in Fig. 8. The collinear gauge invariant
operator [W †EWψ] in SCETEW matches onto [W
†
γψ] in
SCETγ . The difference between the collinear Wilson
lines is that W †EW contains gluons, W and B gauge fields
which are the dynamical fields in SCETEW whereasW
†
γ
contains gluons and photons, the dynamical gauge fields
in SCETγ . The matching coefficients are given by in-
tegrating out the W and Z. Once again, the collinear
matching is more complicated due to custodial SU(2) vi-
olation. Thus, in the quark doublet QL = (u, d)L, there
are separate matching functions for uL and dL, etc.
The low-scale matching for the quark doublet can be
written as:[
W †EWQL
]
→
[
expD
(QL→UL)
C [W
†
γUL]
expD
(QL→DL)
C [W
†
γDL]
]
. (26)
The quantity
[
W †EWQL
]
a
is collinear gauge-invariant,
and has an index a. Eq. (26) implies that the a = 1
term matches to [W †γUL] and the a = 2 term to [W
†
γDL],
with amplitudes expD
(QL→UL)
C and expD
(QL→DL)
C , re-
spectively. The other cases listed below use a similar
notational convention. The collinear functions DC are
zero at tree-level.
The remaining fermionic collinear matching functions
are defined by:[
W †EWUR
]
→ expD(UR→UR)C [W †γUR] ,[
W †EWDR
]
→ expD(DR→DR)C [W †γDR] ,[
W †EWLL
]
→
[
expD
(LL→νL)
C νL
expD
(LL→EL)
C [W
†
γEL]
]
,[
W †EWER
]
→ expD(ER→ER)C [W †γER] . (27)
The collinear matching functions are:
D
(QL→UL)
C (µ) = g
2
LUDZ(µ) +
1
2
DW (µ) ,
D
(QL→tL)
C (µ) = g
2
LUDZ(µ) +
1
2
DW (µ) + FtL(µ) ,
D
(QL→DL)
C (µ) = g
2
LDDZ(µ) +
1
2
DW (µ) ,
D
(QL→b′)
C (µ) = g
2
LDDZ(µ) +
1
2
DW (µ) + Fb′
L
(µ) ,
D
(UR→UR)
C (µ) = g
2
RUDZ(µ) ,
D
(tR→tR)
C (µ) = g
2
RUDZ(µ) + FtR(µ) ,
D
(DR→DR)
C (µ) = g
2
RDDZ(µ) ,
D
(LL→νL)
C (µ) = g
2
LνDZ(µ) +
1
2
DW (µ) ,
D
(LL→EL)
C (µ) = g
2
LeDZ(µ) +
1
2
DW (µ) ,
D
(ER→ER)
C (µ) = g
2
ReDZ(µ) , (28)
where gLU = 1/2−2/3 sin2 θW , gRU = −2/3 sin2 θW , etc.
are the Z charges of the fermions, and
DZ(µ) =
αZ
4π
(
2 log
M2Z
µ2
log
n¯ · p
µ
− 1
2
log2
M2Z
µ2
−3
2
log
M2Z
µ2
− 5π
2
12
+
9
4
)
,
DW (µ) =
αW
4π
(
2 log
M2W
µ2
log
n¯ · p
µ
− 1
2
log2
M2W
µ2
−3
2
log
M2W
µ2
− 5π
2
12
+
9
4
)
, (29)
where αW = αem/ sin
2 θW , αZ = αem/(sin
2 θW cos
2 θW ).
The additional contributions for the t, b-quarks are
given by
FtL(µ) =
(
αs
4π
4
3
+
αem
4π
4
9
)
8FIG. 9: One loop collinear graphs which induce mixing be-
tween the gauge and Higgs sectors.
×
(
1
2
log2
m2t
µ2
− 1
2
log
m2t
µ2
+
π2
12
+ 2
)
+
αW
4π
1
2
fF
(
m2t
M2W
, 0
)
+
αZ
4π
g2LtfF
(
m2t
M2Z
,
m2t
M2Z
)
+(δRtL − δRuL) ,
FtR(µ) =
(
αs
4π
4
3
+
αem
4π
4
9
)
×
(
1
2
log2
m2t
µ2
− 1
2
log
m2t
µ2
+
π2
12
+ 2
)
+
αZ
4π
g2RtfF
(
m2t
M2Z
,
m2t
M2Z
)
+ (δRtR − δRuR) ,
Fb′
L
(µ) =
αW
4π
1
2
fF
(
0,
m2t
M2W
)
+ (δRbL − δRdL) . (30)
The αs and αem terms are from the QCD and QED cor-
rections due to the transition from SCET to bHQET
fields. The functions fF,S are given in Appendix B of
Ref. [7]. (δRtL − δRuL) is the difference in wavefunction
corrections for the t and a massless quark. The massless
wavefunction contribution has already been included in
DW,Z .
TheH , ϕ and gauge boson matching has mixing effects
due to graphs such as those in Fig. 9. The graphs are of
order 〈φ〉 /(n¯ · p) and are subleading in the SCET power
counting.
The matching function for the Higgs doublet has some
interesting features. The Higgs doublet is
φ =
1√
2
[
ϕ2 + iϕ1
v +H − iϕ3
]
(31)
with ϕ± = (ϕ1 ∓ iϕ2)/√2. There are two neutral gauge
bosons, the Z and γ, but only one neutral unphysical
Goldstone boson, the ϕ3. One could try a matching re-
lation of the form
[
W †EWφ
]
→
[
expD
(φ→ϕ+)
C [W
†
γϕ
+]
1√
2
expD
(φ→H)
C H − i√2 expD
(φ→ϕ3)
C ϕ
3
]
,
(32)
analogous to the fermionic case discussed above. A
matching of this kind, which was used in Ref. [8] for the
SU(2) theory, is not possible for the standard model. The
ϕ+ propagator in the full theory has photon corrections
shown in Fig. 10. The graphs are infrared divergent, but
the infrared divergence cancels between the two diagrams
γ
γ
W
FIG. 10: Photon corrections to the ϕ+ propagator.
γ
W+ W+
FIG. 11: Photon corrections to the bHQET W+ propagator.
so that the ϕ+ propagator is not infrared divergent in the
electroweak theory. In the theory below µl, theW bosons
have been integrated out, and the second diagram is ab-
sent, so that the ϕ+ propagator is infrared divergent.
Thus the infrared divergences do not match between the
theories above and below µl.
The resolution of this paradox is that ϕ+ is not a phys-
ical field and is gauge dependent. At the scale µl, the
Higgs doublet matches, not to the Higgs H and unphysi-
cal Goldstone bosons ϕ+ and ϕ3, but to H and longitudi-
nal gauge bosonsWL and ZL. WL is treated as a bHQET
field, and the WL propagator has an infrared divergence
from Fig. 11, so there is still an infrared divergence in
the effective theory. However now, the amplitude that
must be matched is for WL, not ϕ
+, and is given by the
amplitude for ϕ+ multiplied by the equivalence theorem
factor E , which is the radiative correction factor in the
equivalence theorem[45, 53, 54, 55, 56, 57, 58, 59]. There
is an infrared divergence in E that matches the infrared
divergence in the effective theory. The standard model
one-loop values for EW,Z needed for longitudinal W and
Z production are given in Appendix C.
The matching Eq. (32) should instead be written as
[
W †EWφ
]
→
[
expD
(φ→W+
L
)
C [W
†
γWL]
1√
2
expD
(φ→H)
C H − i√2 expD
(φ→ZL)
C ZL
]
.
(33)
9The collinear functions are
D
(φ→WL)
C =
αW
4π
1
4
[
FW + fS
(
1,
M2H
M2W
)]
+
αW
4π
1
4
[
FW + fS
(
1,
M2Z
M2W
)]
+
αZ
4π
g2ϕ+
[
FZ + fS
(
M2W
M2Z
,
M2W
M2Z
)]
+
αW
4π
s2W
[
1
2
log2
M2
µ2
− log M
2
µ2
+
π2
12
+ 2
]
+
1
2
δRϕ+ + log EW ,
D
(φ→ZL)
C =
αW
4π
1
2
[
FW + fS
(
M2Z
M2W
, 1
)]
+
αZ
4π
1
4
[
FZ + fS
(
1,
M2H
M2Z
)]
+
1
2
δRϕ3 + log EZ ,
D
(φ→H)
C =
αW
4π
1
2
[
FW + fS
(
M2H
M2W
, 1
)]
+
αZ
4π
1
4
[
FZ + fS
(
M2H
M2Z
, 1
)]
+
1
2
δRH , (34)
where
FW,Z = 2 log
M2W,Z
µ2
log
n¯ · p
µ
− 1
2
log2
M2W,Z
µ2
− logM
2
W,Z
µ2
− 5π
2
12
+ 1 , (35)
and EW,Z are the equivalence theorem factors for the W
and Z. The expression for EW is the same as that for the
SU(2) theory given in Ref. [8]. EZ is given by a similar
expression, see Ref. [45] for details. There are corrections
to the equivalence theorem from γ − Z mixing at two-
loops, if one does not use background field gauge [60].
The gauge field collinear matching involves γ−Z mix-
ing. The collinear functions are defined by[
W †g⊥
] → expD(g→g)C g⊥ ,[
W †W±⊥
] → expD(W→W )C W±⊥ ,[
W †W 3⊥
] → cW expD(W→Z)C Z⊥ + sW expD(W→γ)C A⊥ ,[
W †B⊥
] → −sW expD(B→Z)C Z⊥ + cW expD(B→γ)C A⊥ ,
(36)
(sW = sin θW , cW = cos θW ), so that all the collinear
functions vanish at tree-level. The complications of γ−Z
mixing only enter the effective theory at the low-scale
matching at µl.
The gluon matching is
D
(g→g)
C =
αs
4π
1
3
log
m2t
µ2
. (37)
There is a non-trivial gluon collinear matching from
the top-quark vacuum polarization graph, since the top-
quark is integrated out at the scale µl and is no longer a
dynamical field. Processes involving external top quark
can still be computed using bHQET fields for the top.
The other gauge-field collinear functions are
D
(W→W )
C =
αW
4π
c2W
[
FZ + fS
(
M2W
M2Z
,
M2W
M2Z
)]
+
αW
4π
c2W
[
FW + fS
(
1,
M2Z
M2W
)]
+
αW
4π
s2W [FW + fS (1, 0)]
+
αW
4π
s2W
[
1
2
log2
M2
µ2
− log M
2
µ2
+
π2
12
+ 2
]
+
1
2
δRW+ ,
D
(W→Z)
C =
αW
4π
2
[
FW + fS
(
M2Z
M2W
, 1
)]
+
1
2
δRZ + tan θWRγ→Z ,
D
(B→Z)
C =
1
2
δRZ − cot θWRγ→Z ,
D
(W 3→γ)
C =
αW
4π
2 [FW + fS (0, 1)]
+
1
2
δRγ + cot θWRZ→γ ,
D
(B→γ)
C =
1
2
δRγ − tan θWRZ→γ . (38)
The definitions of Rγ→Z and RZ→γ , which arise from
γ − Z mixing, are given in the appendix.
C. Running below µl ∼MZ
The collinear anomalous dimensions for the running
below µl ∼ MZ are listed below. The gauge coupling
constants are the MS values in the theory with five dy-
namical quark flavors.
(u, c)L,R, (u¯, c¯)L,R:
1
4π
(
4
3
αs +
4
9
αem
)(
4 log
n¯ · p
µ
− 3
)
(39)
(d, s, b)L,R, (d¯, s¯, b¯)L,R:
1
4π
(
4
3
αs +
1
9
αem
)(
4 log
n¯ · p
µ
− 3
)
(40)
t treated as a bHQET field hv:
1
4π
(
4
3
αs +
4
9
αem
)
(4 log 2γ − 2) (41)
W±T,L treated as a bHQET field hv:
1
4π
(αem) (4 log 2γ − 2) (42)
10
ZT,L treated as a bHQET field hv:
0 (43)
H treated as a bHQET field hv:
0 (44)
(e, µ, τ)L,R, (e¯, µ¯, τ¯ )L,R:
αem
4π
(
4 log
n¯ · p
µ
− 3
)
(45)
(νe, νµ, ντ )L,R, (ν¯e, ν¯µ, ν¯τ )L,R:
0 (46)
g:
αs
4π
(
12 log
n¯ · p
µ
− 23
3
)
(47)
γ:
αem
4π
(
80
9
)
. (48)
IV. SOFT FUNCTIONS
The universal soft functions is
US(ni, nj) = log
−ni · nj − i0+
2
, (49)
in terms of which, the soft anomalous dimension and low-
scale matching are
γS = Γ(α(µ))
−∑
〈ij〉
Ti ·Tj US(ni, nj)
 ,
DS = J(α(µ), LM)
−∑
〈ij〉
Ti ·Tj US(ni, nj)
 ,(50)
where, at one-loop,
Γ(α(µ)) =
α(µ)
4π
4 ,
J(α(µ), LM) =
α(µ)
4π
2 log
M2
µ2
. (51)
The soft anomalous dimension is mass independent, but
the soft matching depends on the gauge boson mass M .
In the computations, we have used the three-loop value
for Γ [61], and the results of Refs. [62, 63].
The soft function has a simple form when written us-
ing the color-operator notation [64]. For practical calcu-
lations, one needs to write the soft function as a matrix
in the space of gauge invariant operators. In this section,
we give the explicit matrices needed for some scatter-
ing processes. The QCD parts of these matrices have
been obtained previously [32]. The electroweak part is
considerably more involved, because the SU(2) × U(1)
symmetry is broken, and this enters into the low-scale
soft function DS .
For the standard model, one has to use Eq. (4,5) to ob-
tain the soft anomalous dimension and low-scale match-
ing. For a given process, the SU(3), SU(2) and U(1)
matrices are defined by
S3 = −
∑
〈ij〉
Ti ·Tj US(ni, nj) ,
S2 = −
∑
〈ij〉
ti · tj US(ni, nj) ,
S1 = −
∑
〈ij〉
YiYj US(ni, nj) , (52)
in terms of which, the soft anomalous dimension is
γS =
αs
π
S3 +
α2
π
S2 +
α1
π
S1 . (53)
For the low-scale matching, one has to use Eq. (4,5)
with M → MW and M → MZ for the W and Z terms.
This gives
DS =
αW (µ)
4π
2 log
M2W
µ2
−∑
〈ij〉
(ti · tj − t3it3j) US(ni, nj)

+
αZ(µ)
4π
2 log
M2Z
µ2
−∑
〈ij〉
tZitZj US(ni, nj)

=
αW (µ)
4π
2 log
M2W
µ2
S2 +∑
〈ij〉
t3it3j US(ni, nj)

+
αZ(µ)
4π
2 log
M2Z
µ2
−∑
〈ij〉
tZitZj US(ni, nj)
 . (54)
The soft function has a universal form when written in
the operator form Eq. (50). For numerical computations,
it is more convenient to choose a basis of gauge invariant
operators, and write the soft-anomalous dimension and
matching as a matrix in the chosen basis. The soft factor∑
〈ij〉Ti · Tj US(ni, nj) was computed for some simple
cases in Ref. [8] for an SU(N) gauge theory. Certain soft
matrices occur in several different computations. These
reference matrices are for SU(3):
S
(3) = −8
3
iπ1 +
[
7
3T +
2
3U 2(T − U)
4
9 (T − U) 0
]
,
S
(3) ′ = −4
3
iπ ,
S
(3,g) = −13
3
iπ1 +
 0 0 U − T0 32 (T + U) 32 (U − T )
2(U − T ) 56 (U − T ) 32 (T + U)

11
(55)
for SU(2):
S
(2) = −3
2
iπ1 +
[
(T + U) 2(T − U)
3
8 (T − U) 0
]
,
S
(2) ′ = −3
4
iπ ,
S
(2,g) = −11
4
iπ1 +
[
0 U − T
2(U − T ) (T + U)
]
(56)
and for U(1):
S
(1)(q1, q2, q3, q4) = −iπ
2
(
q21 + q
2
2 + q
2
3 + q
2
4
)
+(q1q4 + q2q3)T − (q1q3 + q2q4)U ,
S
(1)(qf , qi) = −iπ
(
q2i + q
2
f
)
+ 2qiqf (T − U) .
(57)
For scattering kinematics, s > 0, t < 0, and u < 0, and
the variables T, U are defined by [32]
T = log
−t
s
+ iπ ,
U = log
−u
s
+ iπ . (58)
V. SOFT FUNCTIONS FOR FERMION
SCATTERING
The soft anomalous dimension and low-scale matching
matrices will now be computed for some scattering pro-
cesses. In these examples, the anomalous dimension and
matching depend on matrices S3,2,1, R
(0), and DW,Z .
The equations for the anomalous dimension and match-
ing have the same form in each case; the matrices take
on different values depending on the process.
A. Two doublets
Consider first the case of fermion scattering, QQ¯ →
QQ¯, where all particles are electroweak doublet quarks.
At the high-scale, one matches onto four-quark SCET
operators
C11 Q¯
(c)
4 t
aTAγµPLQ
(c)
3 Q¯
(u)
2 t
aTAγµPLQ
(u)
1
+ C21 Q¯
(c)
4 γ
µTAPLQ
(c)
3 Q¯
(u)
2 γ
µTAPLQ
(u)
1
+ C12 Q¯
(c)
4 t
aγµPLQ
(c)
3 Q¯
(u)
2 t
aγµPLQ
(u)
1
+ C22 Q¯
(c)
4 γ
µPLQ
(c)
3 Q¯
(u)
2 γ
µPLQ
(u)
1 , (59)
where the first index is 1 for ta ⊗ ta and 2 for 1 ⊗ 1 in
SU(2), and the second index is 1 for T a ⊗ T a and 2 for
1 ⊗ 1 in SU(3). Eq. (59) is written in schematic form
to emphasize the gauge structure of the operator. The
actual operator in SCET should be written with Q →
W †ξ(Q)n,p , etc. The subscripts 1 − 4 on the fields are a
reminder that the SCET fields have momentum labels
p1 − p4. We have chosen to label the two fields by u
and c to make it easy to discuss related processes such as
Drell-Yan by replacing some quark fields by lepton fields.
The one-loop values for Cij at the high scale are given in
Ref. [7].
The group theory sums needed for the soft anomalous
dimension matrix are
S3 = −
∑
〈ij〉
Ti ·Tj US(ni, nj) = 1 ⊗S(3) ,
S2 = −
∑
〈ij〉
ti · tj US(ni, nj) = S(2) ⊗ 1 ,
S1 = −
∑
〈ij〉
Yi YjUS(ni, nj)
= S(1)
(
Y (Q(c)), Y (Q(u))
)
1 ⊗ 1 , (60)
in terms of the reference matrices S(3,2,1) given in
Eqs. (55,56,57). For quark doublets, Y (Q(c)) =
Y (Q(u)) = 1/6.
The soft anomalous dimension is given by Eq. (53) us-
ing Eq. (60) for S3,2,1. At the low scale µl ∼ mZ , the
operators Eq. (59) match onto a linear combination of
Ô11 = [c¯L4TAγµcL3][u¯L2TAγµuL1]
Ô21 = [c¯L4TAγµcL3][d¯′L2TAγµd′L1]
Ô31 = [s¯′L4TAγµs′L3][u¯L2TAγµuL1]
Ô41 = [s¯′L4TAγµs′L3][d¯′L2TAγµd′L1]
Ô51 = [s¯′L4TAγµcL3][u¯L2TAγµd′L1]
Ô61 = [c¯L4TAγµs′L3][d¯′L2TAγµuL1]
Ô12 = [c¯L4γµcL3][u¯L2γµuL1]
Ô22 = [c¯L4γµcL3][d¯′L2γµd′L1]
Ô32 = [s¯′L4γµs′L3][u¯L2γµuL1]
Ô42 = [s¯′L4γµs′L3][d¯′L2γµd′L1]
Ô52 = [s¯′L4γµcL3][u¯L2γµd′L1]
Ô62 = [c¯L4γµs′L3][d¯′L2γµuL1] (61)
with coefficients Ĉij . The matching matrix is
Ĉia = RijCja , (62)
or equivalently,
Ĉ = (R⊗ 1 )C , (63)
since the electroweak matching does not change the color
12
structure of the operators. At tree-level R is
R(0) =

1
4 1
− 14 1
− 14 1
1
4 1
1
2 0
1
2 0

. (64)
Once again, we see the additional complication in the
standard model due to the U(1) sector. In the pure
SU(2) theory, the matching was SU(2) invariant; here
the operators have to be broken apart into individual
fields of definite charge.
The one-loop soft matching due to W and Z exchange
is computed using Eq. (54),
R
(1)
S,W =
αW
4π
2 log
M2W
µ2
S2 +∑
〈ij〉
t3it3jUS(ni, nj)
 ,
R
(1)
S,Z =
αZ
4π
2 log
M2Z
µ2
−∑
〈ij〉
tZitZjUS(ni, nj)
 , (65)
and the total soft matching at one-loop is
R = R(0) +R
(1)
S,W +R
(1)
S,Z . (66)
To evaluate R
(1)
S,W , R
(1)
S,Z, we need to evaluate the group
theory factors in Eq. (65). The S2 term acting on
Eq. (61) is a group-invariant Casimir operator, and can
be thought of as S2 acting on the original basis Eq. (59)
before SU(2)×U(1) breaking, and so acting on the low-
energy basis Eq. (61) is equal to R(0)S2, where S2 is the
matrix in Eq. (60). The t3it3j and tZitZj terms are diag-
onal in the basis Eq. (61), and we define them to be DW
and DZ , respectively, so that the soft-matching matrices
are
R
(1)
S,W =
αW
4π
2 log
M2W
µ2
[
R(0)S2 +DWR
(0)
]
,
R
(1)
S,Z =
αZ
4π
2 log
M2Z
µ2
[
DZR
(0)
]
. (67)
This equation is valid for all the scattering processes we
will consider. The W matching has a S2 term, which is
the same matrix that enters the soft anomalous dimen-
sion, and the W and Z matchings have extra diagonal
matrices DW,Z that depend on the process.
For the doublet scattering case, Eq. (61), DW,Z are:
DW = diag(w1,−w1,−w1, w1, w2, w2) + 1
2
iπ1 ,
DZ = diag(z1, z2, z3, z4, z5, z5) ,
w1 = −1
2
(T − U) ,
w2 = −1
2
(T + U) ,
z1 = 2gLcgLu (T − U)− iπ
(
g2Lc + g
2
Lu
)
,
z2 = 2gLcgLd (T − U)− iπ
(
g2Lc + g
2
Ld
)
,
z3 = 2gLsgLu (T − U)− iπ
(
g2Ls + g
2
Lu
)
,
z4 = 2gLsgLd (T − U)− iπ
(
g2Ls + g
2
Ld
)
,
z5 = (gLugLc + gLdgLs)T − (gLugLs + gLdgLc)U
− i
2
π
(
g2Lc + g
2
Lu + g
2
Ls + g
2
Ld
)
. (68)
The results Eq. (67,68) hold for all cases where both
fermions are doublets. For example, if the final quark
doublet is replaced by a lepton doublet, one gets four-
fermion operators for the Drell-Yan process qq¯ → µ+µ−.
The four-quark operators only have the tensor structure
1 ⊗ 1 in color space and the anomalous dimension is
Eq. (53) with S(3) → S(3) ′ and Y (Q(c)) → Y (L(µ)) =
−1/2 in Eq. (60). The unit matrix in color space is now
a 1 × 1 matrix instead of a 2 × 2 matrix. The low-scale
matching is obtained from Eq. (68) with the obvious re-
placement gLc → gLν, gLs → gLe. A similar result holds
if the initial doublet is a lepton doublet and the final is
a quark doublet, or if both are lepton doublets (in which
case, S3 → 0).
B. One doublet and one singlet
The second case is where one fermion is a doublet and
the other is a singlet. As an example, consider
C1Q¯
(c)
4 γ
µTAPLQ
(c)
3 u¯2γ
µTAPRu1
+ C2Q¯
(c)
4 γ
µPLQ
(c)
3 u¯2γ
µPRu1 (69)
The group theory sums needed for the soft anomalous
dimension matrix are
S3 = −
∑
〈ij〉
Ti ·Tj US(ni, nj) = S(3) ,
S2 = −
∑
〈ij〉
ti · tj US(ni, nj) = S(2) ′ ,
S1 = −
∑
〈ij〉
Yi YjUS(ni, nj) = S
(1)
(
Y (Q(c)), Y (uR)
)
.
(70)
At the low scale µl ∼ mZ , the operators Eq. (59) match
onto a linear combination of
Ô11 = [c¯L4TAγµcL3][u¯R2TAγµuR1]
Ô21 = [s¯′L4TAγµs′L3][u¯R2TAγµuR1]
Ô12 = [c¯L4γµcL3][u¯R2γµuR1]
Ô22 = [s¯′L4γµs′L3][u¯R2γµuR1] . (71)
The matching matrix is
Ĉia = RiCa ⇒ Ĉ = (R⊗ 1 )C , (72)
13
since the matching leaves the color structure unchanged.
At tree-level R is
R(0) =
[
1
1
]
. (73)
At one-loop, the soft matching matrices due to W and Z
exchange are
DW = diag(w1, w1) ,
DZ = diag(z1, z2) ,
w1 =
1
4
iπ ,
z1 = 2gLcgRu (T − U)− iπ
(
g2Lc + g
2
Ru
)
,
z2 = 2gLsgRu (T − U)− iπ
(
g2Ls + g
2
Ru
)
,
(74)
and the soft matching is given by Eq. (67).
Equations (72), (73), (74) apply to all cases where one
fermion is a weak doublet, and the other is a weak singlet,
with the obvious replacement of the Z charges for lepton
doublets.
C. Two singlets
The last case is if both fermions are weak singlets, for
example the operators
C1 c¯4γ
µTAPRc3 u2γ
µTAPRu1
+ C2 c¯4γ
µPRc3 u2γ
µPRu1 (75)
which match to
Ô1 = [c¯R4γµTAcR3][u¯R2γµTAuR1]
Ô2 = [c¯R4γµcR3][u¯R2γµuR1] . (76)
The group theory sums needed for the soft anomalous
dimension matrix are
S3 = −
∑
〈ij〉
Ti ·Tj US(ni, nj) = S(3) ,
S2 = −
∑
〈ij〉
ti · tj US(ni, nj) = 0 ,
S1 = −
∑
〈ij〉
Yi YjUS(ni, nj) = S
(1) (Y (cR), Y (uR)) ,
(77)
which are used in Eq. (53) to obtain the soft anomalous
dimension.
The one-loop matching condition is
Ĉa = RCa ⇒ Ĉ = (R⊗ 1 )C , (78)
with R(0) = 1 at tree-level, and the soft matching contri-
bution is
R
(1)
S,W = 0 ,
p2
W+(p3)
p1
W-(p4)
FIG. 12: Pair production q(p1)+ q¯(p2)→W
+(p3)+W
−(p4).
Time runs vertically.
R
(1)
S,Z =
αZ
4π
2 log
M2Z
µ2
×[
(T − U) 2gRcgRu − iπ
(
g2Rc + g
2
Ru
)]
.
(79)
One can similarly obtain the results for right-handed
leptons by replacing the quark Z-charges by the corre-
sponding lepton charges.
VI. SOFT FUNCTIONS FOR ELECTROWEAK
GAUGE BOSON PAIR PRODUCTION
A. Doublets
The kinematics for the electroweak gauge boson pair-
production is shown in Fig. 12.
We first start with gauge boson production by left-
handed quarks, which are electroweak doublets, and in-
teract with the W and B gauge bosons of the SU(2) and
U(1) interactions. The operator basis is
O1 = Q¯
(u)
2 Q
(u)
1 W
a
4W
a
3
O2 = Q¯
(u)
2 t
cQ
(u)
1 iǫ
abcW a4W
b
3
O3 = Q¯
(u)
2 t
aQ
(u)
1 B4W
a
3
O4 = Q¯
(u)
2 t
aQ
(u)
1 W
a
4 B3
O5 = Q¯
(u)
2 Q
(u)
1 B4B3 (80)
where only the gauge structure has been shown. The
operators at the high scale are best written in terms of the
SU(2) and U(1) gauge fields W and B, rather than the
mass eigenstate fields Z and γ. Note that ǫabcW a3W
b
4 6= 0
since the two W fields have momentum labels p3 and p4
which are different. In this basis
S3 = −
∑
〈ij〉
Ti ·Tj US(ni, nj) = S(3) ′ ⊗ 1 ,
S2 = −
∑
〈ij〉
ti · tj US(ni, nj) = diag(S2a,S2b,S2b,S2c) ,
S2a =
(
−iπ 11
4
)
1 +
[
0 U − T
2(U − T ) T + U
]
,
14
S2b = −7
4
iπ + U + T ,
S2c = −3
4
iπ ,
S1 = −
∑
〈ij〉
YiYj US(ni, nj) = S
(1)
(
0, Y (Q(u))
)
1 , (81)
and the soft anomalous dimension between the scales Q
and µl ∼ MZ is given by Eq. (53), where the matrices
S(3,2,1) are given by Eqs. (81).
At the low-scale µl ∼ MZ , the operators Eq. (80)
match onto
Ô1 = u¯L2uL1W
+
4 W
−
3
Ô2 = u¯L2uL1W
−
4 W
+
3
Ô3 = u¯L2uL1Z4Z3
Ô4 = u¯L2uL1A4Z3
Ô5 = u¯L2uL1Z4A3
Ô6 = u¯L2uL1A4A3
Ô7 = d¯L2dL1W
+
4 W
−
3
Ô8 = d¯L2dL1W
−
4 W
+
3
Ô9 = d¯L2dL1Z4Z3
Ô10 = d¯L2dL1A4Z3
Ô11 = d¯L2dL1Z4A3
Ô12 = d¯L2dL1A4A3
Ô13 = u¯L2dL1W
+
4 Z3
Ô14 = u¯L2dL1W
+
4 A3
Ô15 = u¯L2dL1Z4W
+
3
Ô16 = u¯L2dL1A4W
+
3
Ô17 = d¯L2uL1Z4W
−
3
Ô18 = d¯L2uL1A4W
−
3
Ô19 = d¯L2uL1W
−
4 Z3
Ô20 = d¯L2uL1W
−
4 A3 . (82)
The subscripts 3, 4 represent outgoing label momenta p3
and p4, and the gauge indices are to be treated as those
on a quantum field, i.e. they represent the charge on the
annihilation operator. These operators are to be treated
in the same manner as terms in a Lagrangian. Thus
ee¯ → W+(k1)W−(k2) is given by Ĉ4 with p4 = k1 and
p3 = k2, plus Ĉ5 with p4 = k1 and p3 = k2.
The tree-level matching is
Ĉi =
(
R(0)
)
ij
Cj ,
R(0) =

1 12 0 0 0
1 − 12 0 0 0
c2W 0 − 12sW cW − 12sW cW s2W
sW cW 0
1
2c
2
W − 12s2W −sW cW
sW cW 0 − 12s2W 12c2W −sW cW
s2W 0
1
2sW cW
1
2sW cW c
2
W
1 − 12 0 0 0
1 12 0 0 0
c2W 0
1
2sW cW
1
2sW cW s
2
W
sW cW 0 − 12c2W 12s2W −sW cW
sW cW 0
1
2s
2
W − 12c2W −sW cW
s2W 0 − 12sW cW − 12sW cW c2W
0 − 1√
2
cW 0 − 1√2sW 0
0 − 1√
2
sW 0
1√
2
cW 0
0 1√
2
cW − 1√2sW 0 0
0 1√
2
sW
1√
2
cW 0 0
0 − 1√
2
cW − 1√2sW 0 0
0 − 1√
2
sW
1√
2
cW 0 0
0 1√
2
cW 0 − 1√2sW 0
0 1√
2
sW 0
1√
2
cW 0

.
(83)
The one-loop soft matching is given by Eq. (67) where
DW = diag(w1, w2, w4, w4, w4, w4, w2, w1, w4, w4,
w4, w4, w3, w3, w3, w3, w3, w3, w3, w3) ,
DZ = diag(z1, z2, z7, z7, z7, z7, z3, z4, z8, z8,
z8, z8, z5, z5, z6, z6, z5, z5, z6, z6) ,
w1 = T − U + 5
4
iπ ,
w2 = −T + U + 5
4
iπ ,
w3 = −1
2
(T + U) +
3
4
iπ ,
w4 =
1
4
iπ ,
z1 = 2gLugW (U − T )− iπ(g2Lu + g2W ) ,
z2 = 2gLugW (T − U)− iπ(g2Lu + g2W ) ,
z3 = 2gLdgW (U − T )− iπ(g2Ld + g2W ) ,
z4 = 2gLdgW (T − U)− iπ(g2Ld + g2W ) ,
z5 = −gLdgWT + gLugWU − iπ(gLugLd + gLugW − gLdgW ) ,
z6 = gLugWT − gLdgWU − iπ(gLugLd + gLugW − gLdgW ) ,
z7 = −iπg2Lu ,
z8 = −iπg2Ld , (84)
and
gW = 1− sin2 θW = cos2 θW (85)
is the Z charge of the W+ boson.
The above equations can also be used to compute ra-
diative corrections to gauge boson pair production by the
15
lepton electroweak doublet, with the obvious replacement
of quark Z charges by the corresponding lepton ones, and
S3 → 0.
B. Singlets
Electroweak singlet (right-handed) quarks can produce
electroweak gauge bosons. For example gauge boson pro-
dution by right-handed u quarks. The operator gener-
ated at tree-level is
O = u¯R2uR1B4B3 (86)
with
S3 = −
∑
〈ij〉
Ti ·Tj US(ni, nj) = S(3) ′ ,
S2 = −
∑
〈ij〉
ti · tj US(ni, nj) = 0 ,
S1 = −
∑
〈ij〉
YiYj US(ni, nj) = S
(1) (0, Y (uR)) ,
(87)
and the soft anomalous dimension between the scales Q
and µl ∼ MZ is given by Eq. (53), where the matrices
S(3,2,1) are given by Eqs. (87).
At the scale µl, the operator O matches to Ôi,
Ô1 = u¯R2uR1Z4Z3
Ô2 = u¯R2uR1A4Z3
Ô3 = u¯R2uR1Z4A3
Ô4 = u¯R2uR1A4A3 (88)
The tree-level matching is
R(0)

s2W
−sW cW
−sW cW
c2W
 , (89)
and the one-loop soft matching contribution is
R
(1)
S,W = 0 ,
R
(1)
S,Z =
αZ
4π
2 log
M2Z
µ2
(−iπg2Ru)R(0) . (90)
The above can also be used for right-handed d-quarks
with Y (uR)→ Y (dR), and for right-handed leptons with
Y (uR)→ Y (eR) and S3 → 0.
Right-handed u quarks can produce electroweak gauge
bosons via
O = u¯R2uR1W
a
4W
a
3 (91)
which is not present at tree-level since W a does not cou-
ple to uR. For this operator,
S3 = −
∑
〈ij〉
Ti ·Tj US(ni, nj) = S(3) ′ ,
S2 = −
∑
〈ij〉
ti · tj US(ni, nj) = −2iπ ,
S1 = −
∑
〈ij〉
YiYj US(ni, nj) = S
(1)(0, Y (uR)) .
(92)
At the low scale, the operator matches to
Ô1 = u¯R2uR1W
+
4 W
−
3
Ô2 = u¯R2uR1W
−
4 W
+
3
Ô3 = u¯R2uR1Z4Z3
Ô4 = u¯R2uR1A4Z3
Ô5 = u¯R2uR1Z4A3
Ô6 = u¯R2uR1A4A3 (93)
and the matching condition is Ĉ = RC with tree-level
value
R(0) =

1
1
c2W
sW cW
sW cW
s2W

. (94)
The one-loop matching due to W and Z exchange is
given by Eq. (67) with
DW = diag(w1, w1, 0, 0, 0, 0) ,
DZ = diag(z1, z2, z3, z3, z3, z3) ,
w1 = iπ ,
z1 = −2gRugW (T − U)− iπ(g2Ru + g2W ) ,
z2 = 2gRugW (T − U)− iπ(g2Ru + g2W ) ,
z3 = −iπg2Ru . (95)
The results for dR and eR are given by gRu → gRd, gRe
for the Z charge in DZ .
C. Longitudinal bosons via QLQ¯L → ϕϕ
For longitudinal W production, we also need the re-
sults for external unphysical Goldstone boson ϕ fields,
which are contained in the Higgs multiplet φ. The oper-
ators are
O1 = Q¯
(u)taQ(u)φ†4t
aφ3
O2 = Q¯
(u)Q(u)φ†4φ3 (96)
16
The gauge current i
(
φ†T aDµφ−Dµφ†T aφ
)
produces
operators of this form, weighted by a label momentum
factor Pµ4 −Pµ3 , which is included in the operator coeffi-
cients, and is antisymmetric in 3↔ 4.
The group theory sums needed for the soft anomalous
dimension matrix are
S3 = −
∑
〈ij〉
Ti ·Tj US(ni, nj) = S(3) ′ ⊗ 1 ,
S2 = −
∑
〈ij〉
ti · tj US(ni, nj) = S(2) ,
S1 = −
∑
〈ij〉
Yi YjUS(ni, nj) = S
(1)
(
Y (φ), Y (Q(u))
)
1 .
(97)
At the low scale, the operators match to 20 operators,
which have the same structure as the gauge boson op-
erators in Eq. (82), with the replacement W± → ϕ±,
W 3 → ϕ3, B → H .
Ô1 = u¯L2uL1ϕ
−
4 ϕ
+
3
Ô2 = u¯L2uL1ϕ
3
4ϕ
3
3
Ô3 = u¯L2uL1H4ϕ
3
3
Ô4 = u¯L2uL1ϕ
3
4H3
Ô5 = u¯L2uL1H4H3
Ô6 = d¯L2dL1ϕ
−
4 ϕ
+
3
Ô7 = d¯L2dL1ϕ
3
4ϕ
3
3
Ô8 = d¯L2dL1H4ϕ
3
3
Ô9 = d¯L2dL1ϕ
3
4H3
Ô10 = d¯L2dL1H4H3
Ô11 = u¯L2dL1ϕ
3
4ϕ
+
3
Ô12 = u¯L2dL1H4ϕ
+
3
Ô13 = d¯L2uL1ϕ
−
4 ϕ
3
3
Ô14 = d¯L2uL1ϕ
−
4 H3 . (98)
The convention chosen for the scalar fields is
φ =
1√
2
[
ϕ2 + iϕ1
v +H − iϕ3
]
, (99)
with ϕ± = (ϕ1 ∓ iϕ2)/√2, so that ϕa ∝ iT a 〈φ〉. The
action of T3 on the neutral fields is
T3H =
i
2
ϕ3 ,
T3 ϕ
3 = − i
2
H . (100)
This causes mixing between ϕ3 and H . Under custodial
SU(2) symmetry, the H is a singlet, and ϕ3 belongs to a
triplet, so ϕ3−H mixing is forbidden by custodial SU(2).
In the standard model, custodial SU(2) is violated by
hypercharge, and ϕ3−H mixing is allowed. In the results
derived below, there is ϕ3 − H mixing from W and Z
exchange. In the limit αW = αZ and MW = MZ , when
custodial SU(2) is restored, the two mixing contributions
cancel.
The tree-level matching is
R(0) =

1
4 1
− 18 12
i
8 − i2
− i8 i2
− 18 12
− 14 1
1
8
1
2
− i8 − i2
i
8
i
2
1
8
1
2
− 1
2
√
2
0
i
2
√
2
0
− 1
2
√
2
0
− i
2
√
2
0

, (101)
and the one loop matching is given by Eq. (67) with
DW = (w2,DW1, w1,DW2,DW3,DW4) ,
DW1 =

w0 w3 −w3 w0
−w3 w0 −w0 −w3
w3 −w0 w0 w3
w0 w3 −w3 w0
 ,
DW2 =

w0 −w3 w3 w0
w3 w0 −w0 w3
−w3 −w0 w0 −w3
w0 −w3 w3 w0
 ,
DW3 =
[
w4 iw4
−iw4 w4
]
,
DW4 =
[
w4 −iw4
iw4 w4
]
,
w0 =
1
4
iπ ,
w1 =
1
2
(T − U) + 1
2
iπ ,
w2 = −1
2
(T − U) + 1
2
iπ ,
w3 =
1
4
i(T − U) ,
w4 = −1
4
(T + U) +
1
4
iπ ,
DZ = (z1,DZ1, z2,DZ2,DZ3,DZ4) ,
DZ1 =

z3 −z4 z4 −z5
z4 z3 z5 z4
−z4 z5 z3 −z4
−z5 −z4 z4 z3
 ,
17
DZ2 =

z6 −z7 z7 −z5
z7 z6 z5 z7
−z7 z5 z6 −z7
−z5 −z7 z7 z6
 ,
DZ3 =
[
z8 −z9
z9 z8
]
,
DZ4 =
[
z8 z9
−z9 z8
]
,
z1 = 2gϕ+gLu(T − U)− iπ(g2ϕ+ + g2Lu) ,
z2 = 2gϕ+gLd(T − U)− iπ(g2ϕ+ + g2Ld) ,
z3 = −iπg2Lu ,
z4 =
1
2
igLu(T − U) ,
z5 =
1
4
iπ ,
z6 = −iπg2Ld ,
z7 =
1
2
igLd(T − U) ,
z8 = gϕ+gLuT − gϕ+gLdU − iπ(gLugLd − gLdgϕ+ + gLugϕ+) ,
z9 =
1
2
igLdT − 1
2
igLuU +
π
2
gLd − π
2
gLu +
π
2
gϕ+ . (102)
The matrices DW,Z have block-diagonal form due to
ϕ3 −H mixing. The ϕ3 and ϕ± terms are then used to
compute longitudinal Z and W± production, using the
Goldstone boson equivalence theorem. The equivalence
theorem factor E is included in the collinear function and
does not enter the soft matching.
D. Longitudinal bosons via qRq¯R → ϕϕ
Longitudinal gauge bosons are produced by right-
handed quarks via operators such as
O1 = u¯RuRφ
†
4φ3 (103)
The group theory sums needed for the soft anomalous
dimension matrix are
S3 = −
∑
〈ij〉
Ti ·Tj US(ni, nj) = S(3) ′ ,
S2 = −
∑
〈ij〉
ti · tj US(ni, nj) = S(2) ′ ,
S1 = −
∑
〈ij〉
Yi YjUS(ni, nj) = S
(1) (Y (φ), Y (uR)) 1 .
(104)
At the low scale, the operators match to
Ô1 = u¯R2uR1ϕ
−
4 ϕ
+
3
Ô2 = u¯R2uR1ϕ
3
4ϕ
3
3
Ô3 = u¯R2uR1H4ϕ
3
3
Ô4 = u¯R2uR1ϕ
3
4H3
Ô5 = u¯R2uR1H4H3 . (105)
The tree-level matching is
R(0) =

1
1
2
− i2
i
2
1
2
 , (106)
and the one-loop matching is given by Eq. (67) with
DW =
1
4
iπ diag(1,DW1) ,
DW1 =

0 0 0 1
0 0 −1 0
0 −1 0 0
1 0 0 0
 ,
DZ = (z1,DZ1) ,
DZ1 =

z3 −z2 z2 −z4
z2 z3 z4 z2
−z2 z4 z3 −z2
−z4 −z2 z2 z3
 ,
z1 = 2gϕ+gRu(T − U)− iπ(g2ϕ+ + g2Ru) ,
z2 =
1
2
igRu(T − U) ,
z3 = −iπg2Ru ,
z4 =
1
4
iπ ,
gϕ+ =
1
2
− sin2 θW . (107)
VII. SOFT FUNCTIONS FOR SINGLE W,Z
PRODUCTION
SingleW and Z production proceeds via processes such
as q+ q¯ →W +g and g+ q →W + q. The operator basis
for production via doublet quarks is
O1 = Q¯
(u)
2 T
AtaQ
(u)
1 G
A
4 W
a
3 (108)
for the annihilation process, and
O1 = Q¯
(u)
4 T
AtaQ
(u)
1 W
a
3G
A
2 (109)
for Compton scattering. The two are related by crossing
symmetry.
The matrices for the anomalous dimension are
S3 = −
∑
〈ij〉
Ti ·Tj US(ni, nj) = −17
6
iπ +
3
2
(U + T ) ,
18
S2 = −
∑
〈ij〉
ti · tj US(ni, nj) = −7
4
iπ + (U + T ) ,
S1 = −
∑
〈ij〉
YiYj US(ni, nj) = S
(1)
(
0, Y (Q(u))
)
,(110)
for annihilation, Eq. (108), and
S3 = −
∑
〈ij〉
Ti ·Tj US(ni, nj) = −17
6
iπ − 1
6
T +
3
2
U ,
S2 = −
∑
〈ij〉
ti · tj US(ni, nj) = −7
4
iπ − 1
4
T + U ,
S1 = −
∑
〈ij〉
YiYj US(ni, nj)
= S(1)
(
Y (Q(u), 0, 0, Y (Q(u))
)
, (111)
for Compton scattering, Eq. (109).
At the low scale µl ∼ MZ , the operators Eq. (108)
match onto
Ô1 = u¯L2T
AdL1G
A
4 W
+
3
Ô2 = d¯L2T
AuL1G
A
4 W
−
3
Ô3 = u¯L2T
AuL1G
A
4 Z3
Ô4 = u¯L2T
AuL1G
A
4 A3
Ô5 = d¯L2T
AdL1G
A
4 Z3
Ô6 = d¯L2T
AdL1G
A
4 A3 . (112)
The tree-level matching for annihilation is
Ĉi =
(
R(0)
)
ij
Cj ,
R(0) =

1√
2
1√
2
cW
2
sW
2
− cW2
− sW2

, (113)
and the one-loop soft matching is given by Eq. (67) where
DW = (w1, w1, w2, w2, w2, w2) ,
DZ = (z1, z2, z3, z3, z4, z4) ,
w1 = −1
2
(T + U) +
3
4
iπ ,
w2 =
1
4
iπ ,
z1 = gW gLuT − gW gLdU
−iπ (gLdgLu + gLugW − gLdgW ) ,
z2 = gW gLuU − gW gLdT
−iπ (gLdgLu + gLugW − gLdgW ) ,
z3 = −iπg2Lu ,
z4 = −iπg2Ld . (114)
The results for Compton scattering are given by cross-
ing symmetry. One has to be careful because the collinear
functions also need to be transformed. The Ôi opera-
tors for Compton scattering are given by swapping the
labels 2, 4 in Eq. (120). The tree-level matching re-
mains Eq. (113), and the one-loop matching is given by
Eq. (130) with the replacements
w1 =
1
4
T − 1
2
U +
3
4
iπ ,
w2 = −1
4
T +
1
4
iπ ,
z1 = gLdgLuT − gW gLdU
−iπ (gLdgLu + gLugW − gLdgW ) ,
z2 = gLdgLuT + gW gLuU
−iπ (gLdgLu + gLugW − gLdgW ) ,
z3 = g
2
Lu (T − iπ) ,
z4 = g
2
Ld (T − iπ) . (115)
The operator basis for single Z production through the
B field is
O1 = Q¯
(u)
2 T
AQ
(u)
1 G
A
4 B
a
3 (116)
for annihilation, and
O1 = Q¯
(u)
4 T
AQ
(u)
1 B
a
3G
A
2 (117)
for Compton scattering. In this basis
S3 = −
∑
〈ij〉
Ti ·Tj US(ni, nj) = −4
3
iπ +
3
2
(U + T − iπ) ,
S2 = −
∑
〈ij〉
ti · tj US(ni, nj) = −3
4
iπ ,
S1 = −
∑
〈ij〉
YiYj US(ni, nj) = S
(1)
(
0, Y (Q(u))
)
(118)
for annihilation, Eq. (116), and
S3 = −
∑
〈ij〉
Ti ·Tj US(ni, nj)
=
4
3
(T − iπ) + 3
2
(U − T − iπ) ,
S2 = −
∑
〈ij〉
ti · tj US(ni, nj) = 3
4
(T − iπ) ,
S1 = −
∑
〈ij〉
YiYj US(ni, nj)
= S(1)
(
Y (Q(u), 0, 0, Y (Q(u))
)
,
(119)
for Compton Scattering, Eq. (117).
At the low scale µl ∼ MZ , the operators Eq. (116)
match onto
Ô3 = u¯L2T
AuL1G
A
4 Z3
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Ô4 = u¯L2T
AuL1G
A
4 A3
Ô5 = d¯L2T
AdL1G
A
4 Z3
Ô6 = d¯L2T
AdL1G
A
4 A3 (120)
The tree-level matching is
Ĉi =
(
R(0)
)
ij
Cj ,
R(0) =

−sW
cW
−sW
cW
 . (121)
The one-loop soft matching is given by Eq. (67) with
DW = (w1, w1, w1, w1) ,
DZ = (z1, z1, z2, z2) ,
w1 =
1
4
iπ ,
z1 = −iπg2Lu ,
z2 = −iπg2Ld . (122)
The Ôi operators for Compton scattering are given
by swapping the labels 2, 4 in Eq. (120). The tree-level
matching remains Eq. (121), and the one-loop matching
is given by Eq. (122) with the replacements
DW = (w1, w1, w1, w1) ,
DZ = (z1, z1, z2, z2) ,
w1 = −1
4
T +
1
4
iπ ,
z1 = g
2
Lu (T − iπ) ,
z2 = g
2
Ld (T − iπ) . (123)
Single Z production from right-handed quarks pro-
ceeds via
O = u¯R2T
AuR1G
A
4 B3 (124)
for annihilation, and
O = u¯R4T
AuR1B3G
A
2 (125)
for Compton scattering. The anomalous dimension ma-
trices are
S3 = −
∑
〈ij〉
Ti ·Tj US(ni, nj) = −4
3
iπ +
3
2
(U + T − iπ) ,
S2 = −
∑
〈ij〉
ti · tj US(ni, nj) = −3
4
iπ ,
S1 = −
∑
〈ij〉
YiYj US(ni, nj) = S
(1) (0, Y (uR)) , (126)
for annihilation, Eq. (124), and
S3 = −
∑
〈ij〉
Ti ·Tj US(ni, nj) = 4
3
(T − iπ) + 3
2
(U − T − iπ) ,
S2 = −
∑
〈ij〉
ti · tj US(ni, nj) = 3
4
(T − iπ) ,
S1 = −
∑
〈ij〉
YiYj US(ni, nj) = S
(1) (Y (uR), 0, 0, Y (uR)) , (127)
for Compton scattering, Eq. (125).
At the low-scale, the operators match to
Ô1 = u¯R2T
AuR1G
A
4 Z3
Ô2 = u¯R2uR1G
A
4 A3 (128)
with tree-level matching
R(0) =
[
−sW
cW
]
. (129)
The one-loop matching is given by Eq. (67) with
DW = 0 ,
DZ = (z1, z1) ,
z1 = −iπg2Ru . (130)
The Ôi operators for Compton scattering are given
by swapping the labels 2, 4 in Eq. (108). The tree-level
matching remains Eq. (129), and the one-loop matching
is given by Eq. (130) with the replacement
z1 = g
2
Ru(T − iπ) . (131)
VIII. SOFT FUNCTIONS FOR GLUON
SCATTERING
The operator basis for q + q¯ → g + g with doublet
quarks is
O1 = Q¯
(u)
2 Q
(u)
1 G
A
4 G
A
3
O2 = Q¯
(u)
2 T
CQ
(u)
1 d
ABCGA4 G
B
3
O3 = Q¯
(u)
2 T
CQ
(u)
1 if
ABCGA4 G
B
3 (132)
with soft matrices
S3 = −
∑
〈ij〉
Ti ·Tj US(ni, nj) = S(3,g) ,
S2 = −
∑
〈ij〉
ti · tj US(ni, nj) = S(2)′ ,
S1 = −
∑
〈ij〉
YiYj US(ni, nj) = S
(1)
(
0, Y (Q(u))
)
,
(133)
This matches onto
Ô11 = u¯L2uL1G
A
4 G
A
3
Ô12 = u¯L2T
CuL1d
ABCGA4 G
B
3
Ô13 = u¯L2T
CuL1if
ABCGA4 G
B
3
Ô21 = d¯L2dL1G
A
4 G
A
3
Ô22 = d¯L2T
CdL1d
ABCGA4 G
B
3
Ô23 = d¯L2T
CdL1if
ABCGA4 G
B
3 (134)
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with matching matrix
Ĉia = RiCa . (135)
The tree-level matching is
R(0) =
[
1
1
]
, (136)
and the one-loop matching matrices are
DW = (w1, w1) ,
DZ = (z1, z2) ,
w1 =
1
4
iπ ,
z1 = −iπg2Lu ,
z2 = −iπg2Ld . (137)
For right-handed quarks, the operator basis is
O1 = u¯R2uR1G
A
4 G
A
3
O1 = u¯R2T
CuR1d
ABCGA4 G
B
3
O2 = u¯R2T
CuR1if
ABCGA4 G
B
3 (138)
with
S3 = −
∑
〈ij〉
Ti ·Tj US(ni, nj) = S(3,g) ,
S2 = −
∑
〈ij〉
ti · tj US(ni, nj) = 0 ,
S1 = −
∑
〈ij〉
YiYj US(ni, nj) = S
(1) (0, Y (uR)) .
(139)
These match onto
Ô1 = u¯R2uR1G
A
4 G
A
3
Ô2 = u¯R2T
CuR1d
ABCGA4 G
B
3
Ô3 = u¯R2T
CuR1if
ABCGA4 G
B
3 (140)
The matching is
Ĉa = RCa , (141)
with tree-level matching
R(0) = 1 . (142)
The one-loop matching matrices are
DW = (0) ,
DZ = (z1) ,
z1 = −iπg2Ru . (143)
One can similarly write down the corrections for
crossed processes such as g + q → g + q using cross-
ing, as done above for single electroweak gauge boson
production.
IX. CONCLUSIONS
In this paper, we have given the collinear and soft func-
tions needed to compute basic high energy scattering pro-
cesses in the standard model using the EFT method. The
collinear functions have an interesting form, particularly
in the weak gauge boson/Higgs sector.
The soft functions can be derived using Eq. (50). They
have been explicitly given for a few important cases in
this paper. There are many different terms in the scatter-
ing operators, because SU(2)×U(1) and custodial SU(2)
are broken in the standard model. The soft anomalous
dimensions for QCD have been obtained previously by
Kidonakis, Oderda and Sterman [32], and we agree with
their results.
Plots of the radiative corrections to various standard
model cross-sections of experimental interest, using the
results of this paper, have been given in Ref. [8]. The ra-
diative corrections give large reductions in the scattering
cross-sections at high energy.
APPENDIX A: INTEGRATION OF THE SCET
ANOMALOUS DIMENSION
The analytic formula for integrating the SCET anoma-
lous dimension, with the cusp contribution at three loops,
and the non-cusp at two loops, is given here. The result
to one lower order was given in Ref. [65]. The collinear
anomalous dimension can be integrated using the result
below. The soft anomalous dimensions is a matrix, but
the matrix structure is µ-independent, so the overall ma-
trix structure is constant at fixed kinematics. Thus it too
can be integrated using the results of this appendix, by
multiplying the r.h.s. of Eq. (A4) by the constant overall
matrix and then taking a matrix exponential.
The anomalous dimension can be written as
γ(µ) =
(
aA1 + a
2A2 + a
3A3
)
log
µ
µ1
+
(
aB1 + a
2B2
)
,
(A1)
where a = α(µ)/(4π). The β-function is
µ
dg
dµ
= −b0 g
3
16π2
− b1 g
5
(16π2)2
− b2 g
7
(16π2)3
+ . . .
(A2)
Then the solution of
µ
dc(µ)
dµ
= γ(µ)c(µ) (A3)
is
c(µ)
c(µ1)
= exp
[
f0(z)
α(µ1)
+ f1(z) + α(µ1)f2(z)
]
, (A4)
with
z =
α(µ)
α(µ1)
,
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f0(z) =
πA1
b20
[
log z +
1
z
− 1
]
,
f1(z) =
A1b1
4b30
[
log z − z − 1
2
log2 z + 1
]
− B1
2b0
log z
+
A2
4b20
[z − log z − 1] ,
f2(z) =
A1b
2
1
32πb40
[
z2 − 2z + 2z log z − 2 log z + 1]
+
A1b2
32πb30
[
2 log z − z2 + 1]
− A2b1
32πb30
[
z2 + 2z log z − 4z + 3]
+
A3
32πb20
[
z2 − 2z + 1]+ [B1b1
8πb20
− B2
8πb0
]
[z − 1] .
(A5)
APPENDIX B: WAVEFUNCTION FACTORS
The transverse gauge boson inverse-propagator is
− i
(
gµν − kµkν
k2
)[
k2 −M2Z −ΠZZ(k2) −ΠZγ(k2)
−ΠγZ(k2) k2 −Πγγ(k2)
]
,
(B1)
where Π = 0 at tree-level, and MZ is the tree-level Z-
boson mass. Then the wavefunction factors to one-loop
are
δRZ = Π
′
ZZ(M
2
Z) ,
δRγ = Π
′
γγ(0) ,
Rγ→Z =
1
M2Z
Π′Zγ(M
2
Z) ,
RZ→γ = − 1
M2Z
Π′γZ(0) . (B2)
APPENDIX C: RADIATIVE CORRECTIONS TO THE EQUIVALENCE THEOREM
The equivalence theorem radiative correction factor E (defined as in Ref. [8]) for longitudinal W and Z production
is EW,Z = 1 + E(1)W,Zαem/(4π sin2 θW ). The one-loop corrections in Rξ=1 gauge are
E(1)W =
m2t
2M2W
− M
2
H
12M2W
− M
2
Z
12M2W
− 3
2
−
(
M2H
12M2W
+
M2Z
12M2W
+
2
3
)
A0(M
2
W )
M2W
+
(
M4Z
12M4W
+
M2Z
2M2W
− 4
3
)
A0(M
2
Z)
M2Z
+
(
M4H
12M4W
− M
2
H
6M2W
)
A0(M
2
H)
M2H
+
(
m2t
2M2W
− m
4
t
2M4W
)
A0(m
2
t )
m2t
+
(
M4Z
12M4W
+
5M2Z
12M2W
− 2
)
B0(−M2W ,MZ ,MW )
+
(
M4H
12M4W
− M
2
H
4M2W
)
B0(−M2W ,MW ,MH) +
(
m2t
2M2W
− m
4
t
2M4W
)
B0(−M2W , 0,mt) +
3M2W
2
B′0(−M2W , 0, 0)
+
(
2M4W
M2Z
− 2M2W
)
B′0(−M2W , 0,MW )−
(
2M4W
M2Z
+
41M2W
24
− M
2
Z
6
+
M4Z
12M2W
)
B′0(−M2W ,MZ ,MW )
+
(
− M
4
H
12M2W
+
M2H
12
+
5M2W
8
)
B′0(−M2W ,MW ,MH) +
(
m4t
2M2W
−m2t +
M2W
2
)
B′0(−M2W , 0,mt) ,
E(1)Z =
17m2t
18M2W
− 20m
2
t
9M2Z
+
16M2Wm
2
t
9M4Z
− M
2
H
12M2W
− M
2
Z
12M2W
− 1
6
+
2M2W
3M2Z
− 2M
4
W
M4Z
−
(
2M4W
M4Z
− 2M
2
W
3M2Z
+
1
6
)
A0(M
2
W )
M2W
− M
2
H
12M2W
A0(M
2
Z)
M2Z
+
(
M4H
12M2WM
2
Z
− M
2
H
6M2W
)
A0(M
2
H)
M2H
+
(
17m2t
18M2W
− 20m
2
t
9M2Z
+
16M2Wm
2
t
9M4Z
)
A0(m
2
t )
m2t
+
(
−2M
4
W
M4Z
+
2M2W
3M2Z
− 1
6
)
B0(−M2Z ,MW ,MW ) +
(
M4H
12M2WM
2
Z
− M
2
H
4M2W
)
B0(−M2Z ,MZ ,MH)
+
(
17m2t
18M2W
− 20m
2
t
9M2Z
+
16M2Wm
2
t
9M4Z
)
B0(−M2Z ,mt,mt) +
(
103M4Z
36M2W
− 50M
2
Z
9
+
40M2W
9
)
B′0(−M2Z , 0, 0)
+
(
− M
4
H
12M2W
+
M2ZM
2
H
12M2W
+
5M4Z
8M2W
)
B′0(−M2Z ,MZ ,MH) +
(
−2M
4
W
M2Z
− 17M
2
W
6
+
7M2Z
6
+
M4Z
24M2W
)
B′0(−M2Z ,MW ,MW )
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+
(
17M4Z
36M2W
− 5m
2
tM
2
Z
9M2W
− 10M
2
Z
9
+
8M2W
9
− 20m
2
t
9
+
16M2Wm
2
t
9M2Z
)
B′0(−M2Z ,mt,mt) , (C1)
where A0, B0, B
′
0 are given in Eqs. (7)–(8) using the conventions of Ref. [46]. The A0 and B0 functions are ultraviolet
divergent,
A0(m
2)
m2
= − 1
ǫUV
+UV finite, B0(p
2,m1,m2) =
1
ǫUV
+UV finite , (C2)
and the infrared divergent function is
B′0(−M2W , 0,MW ) =
1
ǫIR
1
2M2W
+ IR finite . (C3)
E(1)W,Z are ultraviolet finite, and E(1)Z is infrared finite. The infrared divergence in E(1)W is
E(1)W =
1
ǫIR
(
M2W
M2Z
− 1
)
+ IR finite (C4)
and is proportional to 1 −M2W /M2Z = sin2 θW , which indicates that it arises from photon exchange. EW in Eq. (34)
is treated as a matching condition (see footnote 2), i.e. the 1/ǫIR terms in Eq. (C1) are dropped. This procedure is
valid provided the infrared divergences of the original theory agree with those of the effective theory, so that the 1/ǫIR
terms cancel in the matching condition.
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